We comment on a recent puzzle regarding renormalization group invariance of exact results in SUSY theories, and argue that a purported renormalization of the dynamical scale Λ in theories with matter does not in fact occur.
Introduction
Recently, the authors of [1] argued that renormalization group invariance of exact results in SUSY gauge theories requires that the dynamical scale Λ, defined in terms of the holomorphic Wilsonian gauge coupling and believed to be renormalization group invariant to all orders, actually receives higher order corrections in theories with matter. We believe that this conclusion is incorrect. We believe there is some confusion over when bare vs. renormalized fields should appear in holomorphic expressions.
The argument of [1] goes as follows. Take for simplicity the example the equation for a quantum modified constraint in SU(2) with two flavors (four doublets), Pf (
The authors take the fields on the left hand side to be canonically normalized bare fields, and ask what happens as the cutoff M 0 is changed. As M 0 is varied, the bare fields Q i receive wave function renormalization, and thus the right hand side of the equation must also renormalize. However, we will argue that the fields on the left hand side of this equation should actually be, in this context, renormalized fields which do not change as M 0 is varied, and thus Λ is invariant under changes in M 0 , as we would expect.
We demonstrate this through a careful consideration of the instanton amplitude that generates the quantum modification of the constraint. Let us consider a generic 1-instanton amplitude. Given a bare lagrangian with a cutoff, M 0 , and bare coupling g 0 , one goes on to calculate an instanton amplitude at one loop. The standard SUSY instanton calculus gives
The instanton nonrenormalization theorem derived by NSVZ [2] states that there will be no higher order perturbative corrections to this amplitude, with the exception of wave function renormalizations of the external legs. An instanton amplitude for renormalized fields will then be given to all orders by
where Z i are wavefuntion factors relating bare and renormalized fields, such that renormalized fields are invariant as the cutoff is changed. Given that Eq. 2 is valid to all orders, one can derive the exact β-function for g 0 by requiring the bare couplings to evolve such that A inst remain invariant as the cut-off M 0 is varied. This gives
where γ i = d log Z i /d log M 0 are the anomalous dimensions of the matter fields. This is the exact β function of NSVZ, and in fact this is precisely how it was originally derived [2, 3] . We see in this context that the exact NSVZ β function is to apply to the bare coupling constants, and the expression (2) provides an all orders RG invariant definition of Λ:
Going back to the example at hand, one calculates the instanton contribution to Pf (Q 
Now to convert to the holomorphic coupling g W , we make the standard nonanalytic redefinition of coupling constants [7] 8π
Plugging into (5) gives
We find that renormalization group invariance of this equation is satisfied with the holomorphic coupling evolving purely at one loop, just as it should be. An informed reader may find the above result confusing, as it is often stated that holomorphic objects should be expressed in terms of bare fields in order to avoid explicit appearances of wavefuntion factors which would spoil the holomorphic dependance on g W . However, we found above that it was the renormalized fields that fit this bill. The key to understanding this is to note that there are two different types of renormalization group that can be used. In the one used above, Λ is expressed in terms of a cutoff and bare coupling. Another, more conventional approach would be to introduce a renormalization scale µ and renormalized coupling, which are varied while keeping the cutoff and bare coupling fixed. It is in this latter context that bare fields should appear in holomorphic expressions. Put another way, in terms of bare fields,
This is manifestly invariant under the renormalization group where µ is varied. Of course, in physical applications, one would like to express things entirely in terms of renormalized fields and couplings, or entirely in terms of bare fields and couplings, and not a mixture of the two. Thus, when taking exact results and applying them to a physical situation, some explicit wavefunction factors will need to be put in. What the authors of [1] are doing, we believe, is essentially absorbing these explicit wavefunction factors into their definition of Λ. Thus they get the correct physical result in the end, but the path they take to get there is somewhat misleading.
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